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Maximally extended, explicit and regular coverings of the Schwarzschild - de Sitter family of 
vacua are given, first in spacetime (generalizing a result due to Israel) and then for all dimensions 
D (assuming a D — 2 sphere). It is shown that these coordinates offer important advantages over 
the well known Kruskal - Szekeres procedure. 



I. INTRODUCTION 

' A maximally extended and regular covering of the Schwarzschild vacuum is now a fundamental part of any intro- 
' duction to general relativity. Almost always the covering is given by way of the implicit Kruskal 1] - Szekeres 
procedure 3]. However, as emphasized long ago by Ehlers 4], an explicit maximally extended and regular covering 
^ \ of the Schwarzschild vacuum is known and was first given by Israel |^. Unfortunately, despite the fact that these 
I coordinates offer many advantages over the Kruskal - Szekeres coordinates, they are almost never used. In this paper 
■ I extend Israel's procedure to the Schwarzschild - de Sitter class of vacua in four dimensions and then to arbitrary di- 
, mensions D assuming a — 2 sphere as in the Tangherlini generalization of the Schwarzschild vacuum. Moreover, it is 
made clear that these coordinates offer important advantages over the Kruskal - Szekeres procedure. These advantages 
include: An explicit representation of the line element that can be extended to arbitrary dimension, a simultaneous 
^ ' covering of both the black hole and cosmological horizons and derivation by direct integration of Einstein's equations 
T-H ' 1^ without recourse to coordinate transformations. 
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. We start with a spherically symmetric spacetime in coordinates (m, w, 0, 0) where fc" = is a null four-vector so 
' that the line element takes the form 
qh, 

^ ■ ds — f{u,w)du + 2h{u,w)dudw + r{u,w) dil (1) 

where dfl^ is the metric of a unit two-sphere {d0^ + shi^ 0d4>'^). Further, setting k^^V pk"' = (so that trajectories 
of constant u,0 and are radial null geodesies affinely parameterized by w) it follows that dh/dw = 0. Defining 
U = J h[u)du and rewriting U as u we set h = 1 in ^ which remains a completely general spherically symmetric 
spacetime. The expansion of k°' reduces to 



X 
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II. COORDINATE CONSTRUCTION (D=4) 



V„fc" = ^|^. (2) 
r ow 



Associated with the vector field /" = (5„ we have PZq = /, 



and 



v.r^^f:. (4) 

r ou 

The trajectories of constant w, 9 and ip are radial null geodesies (affinely parameterized by u) only for / = ^ = ^ = 0. 
Note that if §^ = then m" = (—2//, 1, 0, 0) is tangent to a radial null geodesic and clearly w is again affine. The 
associated geodesies immediately follow as m = — 2 J dw/ f -\- 5 where ^ is a constant. Important examples of this 
special case are given below. 
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III. VACUA WITH A (D=4) 

For the spacetime ^ with h—1, 



f = ^^{--2C{C-rf+uw{2C + r)), (5) 



and 

uw{3M - C) 



C, (6) 



(J2 

where C (7^ 0) and M (> 0) are constants, it follows that 

K - A5f , (7) 



R = 4A, (8) 

and 
where 

A = ^^, (10) 

is the Ricci tensor, R the Ricciscalar and CaPfS the Weyl tensor. Viewing A as a constant of nature and AI a 
property of the vacuum, it is clear from H1Q(I that the specification of C does not determine the physical situation 
uniquely. Since, by lO, the axes are centered on r = C, it is important to distinguish ranges in C. Writing C = aM 
with a and M ^ it follows immediately from (|10|l that 

QAM' = ^li^. (11) 

It follows from pi|) that all values of AM^ are determined uniquely by a using the following ranges: —00 < 9AM^ < 1 
for < a < 3 and 9AAP > 1 for —6 < a < 0. The latter range is of no interest and is not discussed here. 

The one independent invariant derivable from the Riemmann tensor without differentiation can be taken to be 
and so with u and w extending over the reals, the vacua are maximally extended and regular for < r < 00 (and for 
all finite r if M = 0). In particular, note that 



With © it follows that 



(J2- 



2u(3M - C) 



(12) 



V„fc" = ^ = -V„P. (13) 

rC w 



From and ^ it follows that trajectories of constant w, 9 and are radial null geodesies only for w = 0. More 
generally, the radial null geodesies that satisfy 

dw 1 . 

with / given by ^ and ©, can be written down in terms of elementary functions (as explained below). Note that 
for these trajectories du/dw — *■ as r ^ (C ^ 3M) and dw/du ^ as w 0. We distinguish the cases: M = (de 
Sitter), C = 3M (Bertotti-Kasner), C = 2M (Schwarzschild), 2M < C < 3M (Schwarzschild-de Sitter), < C < 2M 
(Schwarzschild-anti de Sitter) and discuss them below. For the case C — 2M the coordinates were first obtained by 
Israel ^ . Not covered as special cases are anti de Sitter space (see Appendix A) and the degenerate Schwarzschild-de 
Sitter spacetime (see Appendix B). 
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A. M = (de Sitter space) 



With AI — 0, A — r — \/4(t- — uw) and we have de Sitter space. The metric simphfies to 



ds^ = —w^dv? + 2dudw H (- uw)^dQ^. 

3 3 A 



(15) 



Trajectories with four tangents m" = (— j|j2 , 1, 0, 0) are radial nuU geodesies (so w is afHne for both radial null 
directions). We can write these geodesies in the form 



Au + 6 



(16) 



where (5 is a constant. The negative cosmological horizons (r = —y^) are then given by 5 = where the expansion 
Vam" (— ) vanishes. Some details are shown in FIG.ni 
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FIG. 1: (colour coded) At left, representation of de Sitter space in the u — w diagram. Coloured curves are radial null geodesies 
all afBnely parameterized by w. The solid black curves give r = and the dashed black curves give r — —y^S/A. The axes are 

centered on r = -y/S/A. The future null cone at the origin [u — w — 0) is shown. The trajectories w — constant are spacelike 
for w 7^ 0. At right, the Penrose-Carter diagram of de Sitter space. The global orientation of the future null cone is shown. 
The same scheme as the u — w diagram is used and some trajectories of constant w are shown. Identification of ui = 0, « = ±oo 
gives a null geodesically complete causal representation of de Sitter space. 



B. C — 3M (Bertotti-Kasner space) 

With C = 3Af = 1/VA = r we have Bertotti - Kasner space. The metric simplifies to 

ds^ = Av?du^ + 2dudw + \dn'^. (17) 

A 

Trajectories with four tangents m" — {—-i^, li 0, 0) are radial null geodesies (so again w is affinc for both radial null 
directions) but now V ak" — V aTrf — 0. We can write these geodesies in the form 

«^=^^ (18) 
Au + 5 ' 
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where 5 is a constant. The u — w plane is hke that of de Sitter space now with uw = 2/A (again S = 0) distinguishing 
the branches of the m geodesies. This space shows that the Birkhoff theorem does not extend directly to A > (see 
the case 2M < C < MI below) 



C. C = 2Af (Schwarzschild vacuum) 



With C = 2M, A = 0, r = ^^^^ and we have the Schwarzschild vacuum in Israel coordinates lal. The metric 
simplifies to 



jdu^ + 2dudw + i — Ydfl^ 



Trajectories with four tangents m" = (— """^^'^ ,w,0,0) are radial null geodesies so w is not afRne. Now Vq,to" 



(19) 



WM _ _4M^ -yyg write these geodesies in the form 



uw = -8Af^ ln((5u)) 
where (5 is a constant. Some details are shown in FIG.|21 
ti) 



(20) 




FIG. 2: (colour coded) At left, representation of the Schwarzschild vacuum in the u — w diagram. Coloured curves are radial 
null geodesies. The double black curves give r — 0. The axes are centered on r = 2AI. The future null cone at the origin 
(u = w = 0) is shown. The trajectories w — constant are spacelike for finite w 0. At right, the Penrose-Carter diagram of 
the Schwarzschild vacuum. The global orientation of the future null cone is shown. The same scheme as the u — w diagram is 
used and some trajectories of constant w are shown. Unlike the cases with A 7^ 0, we do not identify w = 0,u = ±00. The 
reason for this is that here In w is an afBne parameter for the m geodesies and so the diagrams are null geodesically complete. 



D. 2M <C <3M (Schwarzschild - de Sitter) 

Again writing C = aM it follows that for 2 < a < 3 there is another constant > C for which A = 3(-B-2M) ^ rpj^^ 
constant is given by 

E = I3M (21) 

with 



^ ^ (2-a + v/(a + 6)(a-2))a 
2{a — 2) 
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The trajectories r = E are radial null geodesies (with non-zero expansion) tangent to the "cosmological" horizons. 
Note that /3 ^ 3 as a — > 3 and /3 ^ oo as a ^ 2. Now define 

A = a^M'^ + uw{a-2){i~a) (23) 

and 

B = a^M'^ + (3 - a)uw. (24) 
Trajectories with four tangents m" — (m", m™, 0, 0) where 

m" = -2 : , m"' (25) 



and 



= 6A^^w^^e^ ^ (26) 



where is a constant, are radial null geodesies. Now we find that the expansion is given by 

w ^5 B 

where 

F = a^M'^{2a^M'^ -3wu{a - 2)) + uw(y^ - a'^M'^). (28) 

The choice a — 3, S = 1 reproduces the Bertotti - Kasner result and the choice a — 2, S = ^^^^ reproduces the 
Schwarzschild vacuum result both for to" as given above. For 2 < a < 3 these geodesies can be given explicitly in 
terms of elementary functions and arc reproduced in Appendix C. Some details are shown in FIG.|3| 




FIG. 3: (colour coded) At left, representation of the Schwarzschild - de Sitter space in the u — w diagram. Coloured curves are 
radial null geodesies. The double black curves give r = Q and the dashed black curves give the cosmological horizons r = E. 
The axes are centered on r = C. The future null cone at the origin {u = w = 0) is shown. The trajectories w = constant are 
spacelike for finite w ^ 0. At right, the Penrose-Carter diagram of the Schwarzschild - de Sitter space. The global orientation 
of the future null cone is shown. The same scheme as the u — w diagram is used and some trajectories of constant w are shown. 
Identification oi w — 0,u — ±cxd gives a null geodesically complete causal representation of the Schwarzschild - de Sitter space. 
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E. <C <2M (Schwarzschild anti - de Sitter) 



For < a < 2 there are no cosmological horizons but equations H23() through (|28|l hold as given above. Again 
the associated radial null geodesies can be given explicitly in terms of elementary functions and are reproduced in 
Appendix D. Some details are shown in FIG. 01 




FIG. 4: (colour coded) At left, representation of the Schwarzschild anti - de Sitter space in the u — w diagram. Coloured curves 
are radial null geodesies. The double black curves give r = 0. The future null cone at the origin (it = ui = 0) is shown. At 
right, the Penrose-Carter diagram of the Schwarzschild anti - de Sitter space. The global orientation of the future null cone is 
shown. The same scheme as the u — w diagram is used. 



IV. COORDINATE CONSTRUCTION (D > 4) 



This section parallels II but extends the construction to arbitrary dimensions [D > 4). Write 

ds^ = fdu^ + 2dudw + r^dnl,_2, (29) 

where dil.^_2 is the metric of a unit D — 2 sphere. Again k" = d!^ is tangent to null geodesies affinely parameterized 
by w but now the associated expansion is given by 

V^k^^^^. (30) 
r ow 

Further, associated with the vector field ^" = S" we again have l"la = f and 



but now the associated expansion is 



V.P = ^f:. (32) 
r ou 



The trajectories for which all coordinates are constant except u are radial null geodesies (affinely parameterized by 
u) only ior f — ^ — ^ — 0. Finally, as before, if = then to" ~ (— 2//, 1, 0, 0, ...) is tangent to a radial null 
geodesic with w again affine and the associated geodesies immediately follow as u — —2 J dw/f + S where ^ is a 
constant. 
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V. HYPER-SPHERICAL VACUA WITH A (D > 4) 

This section generalizes section III above. For dimensions D > 4 consider the spaces described by 

^ (r-C)2(D-l)rg-3C3 + ^dudw + r dno_^, (33) 

where the function t/'d is given by 

?,{D - 3)(C - 2M)r^-^{r - Cf + 2C{i{D - 3)M - {D - A)C){r^-^{D - 3) - r^-^C{D - 2) + C"'^) (34) 
and r signifies the function 

with C (^ 0) and M (> 0) constants. It follows that fl3 

Ri - A<5f , (36) 



R = DA, (37) 



and 



where 



r M _ 4(i^ - 3)(i^ - 2)^C^(^-4) ((J - 4)C - 3(i? - 3)M)^ 

Again, the one independent invariant derivable from the Riemmann tensor without differentiation can be taken to be 
(|38|l and so with u and w extending over the reals, the spaces described by (|33|l are maximally extended and regular 
for < r < oo (and for all r if Caf^jsC"^''^ = 0, see below). In particular, note that 

_w^{D-3){{3M -C)D + 5C -12M) 

Again viewing A as a constant of nature and M a property of the vacuum, the specification of C does not determine 
the physical situation uniquely. This is discussed below. In view of the generality of the cases considered, the formulae 
given are remarkably simple. 

A. Comparison with curvature coordinates 

Consider the hyper-spherically symmetric spacetime 

ds^ = -f{r)df + J^+ r'dnl^^. (41) 
Note that r is now a coordinate. It is not difficult to show that the unique form of / which satisfies (|36f) is given by 

J ^D-3 JJ_i y"^^) 

where m is a constant (which we take > 0). This solution was apparently first discussed by Tangherlini Jl^. The 
coordinates are, of course, defective at / = 0, but the associated roots depend on D and are not so easy to find from 
(|42|l . The previous construction circumvents this unnecessary algebra as follows: For (|41|) with H42|) we find 



r r-P-fS 4(g-2)2((iJ-2)^-l)m^ 
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and so from H38() and (|43|l (assuming, without loss in generality, the same coordinates for d^'jj ^)^^ have the relation 

~2 (D - 3)C^(^-4) {{0-4)0-3(0- 3) Af )^ 

= (i^-l)((i^-2)-l) ^''^ 

which gives = only for Z) = 4. Now substituting for m from 14411 into (|42() and writing an associated root to 
/ = as r = C we obtain (|39|l . In this way we never need to deal with 1421) and so all dimensions O > A are equally 
difficult to deal with as regards the location of horizons. 



B. Geometrical Mass 



The previous section raises the issue of "mass". In spacetime with A = the concept of mass in the spherically 
symmetric case is well established p^ . The geometrical mass in n dimensions for spaces admitting a D— sphere has 
been defined previously by way of the sectional curvature [T3 |. Whereas this is merely a formal definition, it is of 
interest to compare this definition with M and m. In dimension O define 

M ^ \ '^^Re:'9fe~'"'- (45) 
In the special case A = (C = 2M) it follows that 

M=m = 2°-'^M°'^. (46) 
More generally, for A 7^ (C 7^ 2M), it follows that 

Ar^-i 

^=^^2{D^y ^''^ 

where A is given by (|39|l . We can, of course, replace m by M in 147|l by solving for AI from H44|l . We now consider 
some specific cases. 



C. de Sitter space (D > 4) 

We define hyper-spherical de Sitter space by the requirement Ca/s-ysC"^'^^ = so that from H38() and (|43|l we have 



and so 



The metric follows as 



A=^. (49) 



ds^ = w^du^ + 2dudw+ ( ^ . -uwfdVti, (50) 

O -I D-l^A I u A \ I 

Trajectories with four tangents = (— '^'^^^■t^ , 1, 0, 0, ...) are radial null geodesies (so w is affine for both radial null 
directions). We can write these geodesies in the form 

(51) 

Am + (5 ^ ' 



where (5 is a constant. The negative cosmological horizons (r — — y ^"^^ "'"-* ) are then given by (5 = where the 

)-2)(2(£'-l)-Mm, 
w 



expansion V am°' {— ''^ yjm'l^)^lj^^^ ) vanishes. The associated diagram is qualitatively the same as FIC^ 
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D. C = 3M (Bertotti-Kasner space) (D > 4) 



With C = 3A/ = 1 / = r we have hyper-spherical Bertotti - Kasner space. The metric simphfies to 



A 

D — 3 

ds^ kv?du^ + 2dudw -\ ^^rf^^ii_2- (52) 

Trajectories with four tangents to" = {—j^^ 1, 0, 0, ...) are radial null geodesies (so again w is affine for both radial 
null directions) and again Vq/c" = \/aTn°' = 0. We can also write these geodesies in the form (|TS)l. 



E. Tangherlini black holes (D > 4) 



Asymptotically flat static vacuum black holes (admitting the D — 2 sphere) are unique [15| and given by the 
Tangherlini generalization of the Schwarzschild vacuum In our notation these correspond to the case C = 2M. 
Global, regular and explicit coordinates for these spaces have been given previously [K^. Some further discussion is 
given in Appendix E. More generally, the radial null geodesies that satisfy 

dw _ 1 w'^'iIjd{u,w) 

du~ 2{r-CY{D-l)rD-iC^' ^^"^^ 

with given by (|34|l and r by (|35|l . are of interest. For these trajectories, excluding the cases discussed above, 
it is clear that du/dw ^ as r ^ and dw/du — *■ as w ^ (u ^ 0). From (|39|l . writing C — aM we have 
AM = 3{D-3){a-2)/a^. In the range 2 < a < 3 there is another constant ^ > a for which AM = 3{D-3){(3-2)/f3^. 
The trajectories r — (3M are radial null geodesies and are tangent to the "cosmological" horizons. It is also clear 
that for C < 2M the solutions to l|53(l evolve in a fundamentally different way as in the case D = A. In fact, the 
qualitative behavior of all solutions to H53() can be obtained without explicit integration. The essential conclusion is 
that the Figures given for D = 4 hold, qualitatively, for D > 4. This is discussed in detail elsewhere 0. 



VI. SUMMARY 



A maximally extended, explicit and regular covering of the Schwarzschild - de Sitter vacua in arbitrary dimension 
{D > 4) has been given. It has bee stressed that these coordinates offer important advantages over the Kruskal - 
Szekeres procedure that include: An explicit representation of the line element that can be extended to arbitrary 
dimension, a simultaneous covering of both the black hole and cosmological horizons and derivation by direct integra- 
tion of Einstein's equations without recourse to coordinate transformations. In view of the generality of the problem 
solved, the resultant formulae obtained are of a remarkably simple form. 
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APPENDIX A: ANTI - DE SITTER SPACE (D = 4) 



Anti - de Sitter space is not contained in |(SJ) with Q but can be given in the form with h — 1 and is included 
here for completeness. It is given by 

'Up' A. 

ds^ = (— l)du^ + 2dudw + vPdVt^. (Al) 

where the constant A < 0. Equations Q and ^ of course hold and the space is conformally flat. Trajectories with 
four tangents m" — (^^^^^l^g , — 1, 0, 0) are radial null geodesies so w is again afflne. We can write these geodesies in 
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the form 

u; = y^tan(iy^(u + <5)) (A2) 
where is a constant. With u and w extending over the reals, ljAl|l is maximally extended and regular. 

APPENDIX B: DEGENERATE SCHWARZSCHILD - DE SITTER SPACE (D = 4) 

The degenerate Schwarzschild - de Sitter black hole has 3M — like the Bertotti-Kasner space but it is not 
contained in (O with © but can be given in the form with h ~ 1 and is included for completeness. Coordinates 
for degenerate black holes are seldom discussed 8]. Now 

_ -w{l2ur^{u^ + 1) + w{w + + 3)(w + + 1)) 
^ ^ 3r2(w2 + i)2 ( ) 



with 

w + 1*2 + 1 



r 



(B2) 



VA(m2 + 1)' 

In addition to the radial null geodesies given by constant u and w — 0, the other radial null geodesies can be given by 

" = 2>V(fc,±x)~l 
where W is the Lambert W function ^ with k = (0(+), — 1(— )) and 

X = ^Au{u^ + 3) + (5 (B4) 
where 5 is a constant. Some details are shown in FIG. El 



APPENDIX C: SCHWARZSCHILD - DE SITTER GEODESICS (D = 4) 

For 2 < Of < 3 the radial null geodesies with tangents m" can be given in a simple form: GH is a constant of 
motion where 

\uw{a - 3) + APa^{-a + (3) J ^ ' 

and 

H = {M^{M^a'^{2a'^M^ - 3mw(-2 + a)) + u^w^{-2 + a)(a - 3) + y;2-))(2-a)(a+2/3)^ ^(^2) 

APPENDIX D: SCHWARZSCHILD - ANTI DE SITTER GEODESICS (D = 4) 

Writing C = M/7 with 7 > 1/2 the radial null geodesies with tangents to" can be given in the form 

2 ((27-l)(2.7-(37-l)^ + 3M2) , , 
V(67+1)(27- 1)M2 



= l,( M2(2M2 + 37W27-l)) + ^V^-(37-l)(27-l) )^ (g^^,)(27-l) + S 

w 

where (5 is a constant. 



(D2) 
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FIG. 5: (colour coded) At left, representation of the degenerate Schwarzschild - de Sitter space in the u — w diagram. Coloured 
curves are radial null geodesies. The double black curve gives r = 0. The degenerate horizon occurs at w = 0. The future 
null cone at the origin (u = = 0) is shown. At right, the Penrose-Carter diagram of the degenerate Schwarzschild - de Sitter 
space. The global orientation of the future null cone is shown. The same scheme as the u — w diagram is used and some 
trajectories of constant w are shown. Shown is the "white hole" case. The black hole case is obtained by a flip in the vertical 
so null geodesies terminate (as opposed to originate) at r = 0. 



APPENDIX E: SCHWARZSCHILD-TANGHERLINI BLACK HOLES (D > 4) 



In the present notation we set C — 2M and so have (|29|) with 

w^{{D - 3)r + 2M(2 - D) + {2M)^-^r^-^) 



where 



2M(r - 2Af)2 
{D - 3)uw 



4M 



2M. 



(El) 



(E2) 



With D — A we recover ()19|l. Even implicit forms of r in the Kruskal - Szekeres procedure are not known for for all 
D {e.g L> = 8, 10 [3). However here we need only substitute for D and insert ljE2|) into ljEl|l to give a maximally 
extended, explicit and regular coverings of the space. For example, with D = 5 we have 



/ = 



2w'^{6M'^ + uw) 
(4 M2 + uwy 



(E3) 



Solutions to (ini with ijETJ and can be given explicitly in terms of elementary functions in some cases. For 
example, with D = 5 we have 



uw = -2M^{W{Sw) +A) 



(E4) 



where (5 is a constant. 
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